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Abstract
In this paper, we investigate the homotopy type of the Quillen complex of the symmetric
group DApðSnÞ: More precisely, we show that the simplicial complex DApðSnÞ is simply
connected if p is odd and either 3p þ 2pnop2 or nXp2 þ p:
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0. Introduction
Given a ﬁnite group G and a prime p; the Quillen complex of G; denoted by
DApðGÞ; is the order complex of the poset (partially ordered set)ApðGÞ of nontrivial
elementary abelian p-subgroups of G: The group G acts by conjugation on DApðGÞ:
The main feature of this G-simplicial complex is that it captures the p-local structure
of G: This complex has received a fair amount of attention (see for example [4,6,7]).
It is well known that, with some low-dimension exceptions listed in [1], the simplicial
complex DApðGÞ is connected if its dimension is X1: Our work is motivated by the
following issue: when is the simplicial complex ApðGÞ simply connected? This
question was ﬁrst studied in 1993 by Aschbacher [1]. A conjectural result in
Aschbacher’s paper essentially reduces this question to the case where G is simple. If
G is the symmetric group Sn; the homotopy type of DApðSnÞ is not known. In
particular, the question of simple connectivity for DApðSnÞ is interesting since the
complexes DApðSnÞ and DApðAnÞ are identical when p is odd and the group An is
simple for nX5:
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In this paper, we deﬁne the posetTpðnÞ as the subposet ofApðSnÞ formed by the
nontrivial elementary abelian p-subgroups generated by p-cycles. The idea of
considering this subposet is due to Bouc [2]. More precisely, Bouc was interested in
the poset T2ðnÞ and he notably proved that the fundamental group p1ðT2ð7ÞÞ is
cyclic of order 3: This surprising calculation motivates by itself the study of TpðnÞ:
In this work, we describe several ties connecting the poset ApðSnÞ to the more
regular poset TpðnÞ and we deduce from it that the Quillen complex DApðSnÞ is
simply connected in all cases except those of low dimension and those where
p2pnop2 þ p:
1. Preliminaries
In this paper, by a simplicial complex C we mean an abstract simplicial complex
with geometric realization jCj; as described in [5]. We deﬁne the homotopy type of C
as that of jCj: If X is a poset, we deﬁne the simplicial complex DX associated to X as
the ordered simplicial complex whose k-simplexes are the subsets fx0; x1; x2;y; xkg
of X satisfying x0ox1ox2o?oxk:
If X and Y are posets and f : X-Y is an order-preserving map, then f naturally
induces a simplicial map Df from DX to DY : We say that f is a homotopy equivalence
if Df is. For each yAY ; we deﬁne the following subsets of X :
fpy ¼ fxAX j f ðxÞpyg and fXy ¼ fxAX j f ðxÞXyg:
In order to study the homotopy type of posets, the two following fundamental
results from [4] are very useful:
Lemma 1.1 (Homotopy property). If f ; g : X-Y are two order-preserving maps of
posets such that f ðxÞpgðxÞ for all xAX ; then f and g are homotopic.
Theorem 1.2. If f : X-Y is an order-preserving map of posets such that
fpy (respectively fXyÞ is contractible for each yAY ; then f is a homotopy equi-
valence.
2. The Quillen complex of the symmetric group
Let p be a prime and n an integerX1: We write Nn ¼ f1; 2;y; ng: In this section,
we give a description of the nontrivial elementary abelian p-subgroups of Sn:
If G is a group and X a G-set, the action of G on X is said to be transitive if it has
only one orbit. It is called regular if, in addition, the stabilizer of each xAX is trivial.
This is equivalent to requiring that for an arbitrary x0AX ; the function f : G-X ;
deﬁned by g/g  x0 is an isomorphism of G-sets (where G acts on itself by left
multiplication). If HAApðSnÞ; then the group H acts naturally on the set Nn and
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more especially on its support SuppðHÞ: We say that H is a relatively transitive
p-subgroup if the action of H on its support is transitive.
Proposition 2.1. The two following conditions are equivalent:
1. HAApðSnÞ:
2. H is a subgroup of an elementary abelian group P ¼ P1 	 P2 	?	 Pl ; where lX1
is an integer and the P1;y; PlAApðSnÞ are relatively transitive p-subgroups with
pairwise disjoint supports.
Moreover, if HAApðSnÞ; there is a unique elementary abelian subgroup PAApðSnÞ
breaking down the set Nn into the same orbits as H and satisfying Condition 2.
Proof. 2: ) 1:: This is obvious.
1: ) 2:: Given HAApðSnÞ; we consider decomposition
Nn ¼T
s
i¼1
Ui
of Nn into its orbits through the action of H: We can suppose that there exists an
integer 1plps such that U1; U2;y; Ul represent the orbits of cardinality 41 and
Ulþ1; Ulþ2;y; Us the trivial orbits. For all i ¼ 1; 2;y; l; we set
Pi ¼ HjUi ¼ fsjUi jsAHgDPermðUiÞ:
The p-subgroups P1;y; PlAApðSnÞ are clearly relatively transitive and H is a
subgroup of the group P ¼ P1 	 P2 	?	 Pl : Furthermore, it is obvious that
PAApðSnÞ; since the sets U1;y; Ul are pairwise disjoint.
Finally, according to the second point of the Proposition 2.2 below, P is the
unique elementary abelian subgroup breaking down the set Nn into the same orbits
as H and satisfying Condition 2. &
Proposition 2.2. Let PAApðSnÞ be a relatively transitive p-subgroup such that
SuppðPÞ ¼ Nn: Then the action of P on Nn is regular and the following two conditions
are satisfied:
1. If rX1 is the rank of P, then n ¼ pr and each nontrivial permutation sAP is a
product of pr1 pairwise disjoint p-cycles.
2. The p-subgroup P is a maximal element of the poset ApðSnÞ:
Proof. 1. Let sAP be a nontrivial permutation. We have
PDCSnðsÞDPermðSuppðsÞÞ 	 PermðFixðsÞÞ;
where CSnðsÞ denotes the centralizer of s in Sn: Since s is nontrivial, SuppðsÞa|:
Moreover FixðsÞ ¼ | since otherwise the action of P on Nn would have at least two
orbits. In particular, we deduce that if iANn; the stabilizer of i in P is trivial. Hence
the action of P on Nn is regular and the orbit P  i ¼ Nn is in bijection with P:
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Therefore n ¼ jPj ¼ pr; where rX1 is the rank of the p-group P; and s is a product of
pr1 pairwise disjoint p-cycles.
2. Let QAApðSnÞ be such that PpQ: Then Q is also relatively transitive. So,
according to what precedes, Q is also of rank r and thus Q ¼ P: &
Example 1. Here are some examples of maximal or relatively transitive elements in
ApðSnÞ:
1. If nop2; the maximal elements of ApðSnÞ are all generated by pairwise disjoint
p-cycles.
2. Given nXp2; a subset faijj1pi; jppgCNn of cardinality p2 and the permutations
s ¼ ða11a12ya1pÞða21a22ya2pÞða31a32y3pÞyðap1ap2yappÞ;
*s ¼ ða11a21yap1Þða12a22yap2Þða13a23yap3Þyða1pa2pyappÞ;
one easily shows that the p-subgroup /s; *sSAApðSnÞ is relatively transitive of
rank 2.
3. Given p ¼ 3; nX27 and the permutations
s ¼ ð1 2 3Þð4 5 6Þð7 8 9Þð10 11 12Þð13 14 15Þ
ð16 17 18Þð19 20 21Þð22 23 24Þð25 26 27Þ;
*s ¼ ð1 4 7Þð2 5 8Þð3 6 9Þð10 13 16Þð11 14 17Þ
ð12 15 18Þð19 22 25Þð20 23 26Þð21 24 27Þ;
**s ¼ ð1 10 19Þð2 11 20Þð3 12 21Þð4 13 22Þð5 14 23Þ
ð6 15 24Þð7 16 25Þð8 7 26Þð9 18 27Þ;
one easily shows that the p-subgroup /s; *s; **sSAA3ðSnÞ is relatively transitive of
rank 3.
In the last part of this section, we will focus on the homotopy type of the Quillen
complex DApðSnÞ which is in general difﬁcult to determine in general. Nevertheless,
in the two following lemmas we compute the dimension and connectivity ofApðSnÞ:
Proposition 2.3. If n ¼ dp þ r with 0prop; then
dimðApðSnÞÞ ¼ d  1:
Proof. Given HAApðSnÞ; we know by Proposition 2.1 that H is a subgroup of an
elementary abelian group P ¼ P1 	 P2 	?	 Pl ; where the P1;y; PlAApðSnÞ are
relatively transitive p-subgroups with pairwise disjoint supports. By Proposition 2.2,
we know that xðSuppðPiÞÞ ¼ pri for some ri; for all i ¼ 1; 2;y; l: Therefore we haveXl
i¼1
pripn and rankðHÞprankðPÞ ¼
Xl
i¼1
ri with lpd;
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and we deduce that an element of ApðSnÞ of the form H ¼ /s1; s2;y; slS; where
the s1;y; sl are pairwise disjoint p-cycles, is of maximal rank. Therefore the poset
ApðSnÞ is of dimension d  1: &
Proposition 2.4. The poset ApðSnÞ is connected if n42p:
Proof. First, we show that all the cyclic subgroups generated by a p-cycle are in the
same connected component if n42p: Let s; tASn denote two p-cycles. We prove by
induction on the integer xðSuppðsÞ-SuppðtÞÞAf0; 1; 2;y; pg that /sS and /tS
are in the same connected component. If xðSuppðsÞ-SuppðtÞÞ ¼ 0; the group
/s; tS belongs toApðSnÞ and we have /sSo/s; tS4/tS; which shows that /sS
and /tS are in the same connected component.
Now we suppose that xðSuppðsÞ-SuppðtÞÞ ¼ uX1 and that the result is proven
for all integers ou: Since n42p; there exists aANn such that aeSuppðsÞ and
aeSuppðtÞ: There exists also bASuppðsÞ-SuppðtÞCNn: Consider then the p-cycle
t0 ¼ ðabÞtðabÞ: It is obvious that
xðSuppðsÞ-Suppðt0ÞÞ ¼ u  1;
and thus by induction the groups /sS and /t0S are in the same connected
component. Furthermore, we know that xðSuppðtÞ-Suppðt0ÞÞ ¼ p  1: Hence, since
n42p; there exists a p-cycle mASn disjoint from the p-cycles t and t0: We then have
/tSo/t; mS4/mSo/m; t0S4/t0S;
and thus the groups /tS and /t0S are in the same connected component. Therefore
the cyclic groups /sS and /tS are also in the same connected component.
To conclude, we have to show that every element of ApðSnÞ is in the connected
component of a cyclic group generated by a p-cycle. Given HAApðSnÞ and sAH; the
permutation s is a product of pairwise disjoint p-cycles that we write s ¼ s0s1ysr:
Hence we have
HX/sSp/s0; s1;y; srSX/s0S:
Therefore the elementary abelian group H is in the connected component of the
cyclic group generated by the p-cycle s0: &
We now investigate the homotopy type of ApðSnÞ in the case it is of low
dimension. When p ¼ 2 and np6; one can easily calculate the homotopy type of
A2ðSnÞ using the next lemma.
Lemma 2.5. Given a finite group G and HpG; the inclusion
i :ApðHÞ+fQAApðGÞjQ-Ha1g
is a homotopy equivalence.
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Proof. If RAfQAApðGÞ j Q-Ha1g; then R-HAApðHÞ: Let f be the order-
preserving map
f : fQAApðGÞjQ-Ha1g-ApðHÞ defined by f ðQÞ ¼ Q-H:
It is easy to show that
ði3f ÞðQÞpQ for all QAfQAApðGÞjQ-Ha1g and
ð f 3iÞðQÞ ¼ Q for all QAApðHÞ:
Therefore by Lemma 1.1, the inclusion i is a homotopy equivalence. &
Example 2. We describe the homotopy type of A2ðSnÞ when np6:
1. The posetA2ðS1Þ is empty. The posetsA2ðS2Þ andA2ðS3Þ are zero-dimensional
posets with respectively one and three elements.
2. The poset A2ðS4Þ is contractible. Indeed, A2ðS4Þ contracts on the 2-subgroup
/ð12Þð34Þ; ð13Þð24ÞS; which is the only relatively transitive 2-subgroup of rank 2
in A2ðS4Þ:
3. The complex DA2ðS5Þ is a connected graph. More precisely, it has the homotopy
type of a bouquet of *wðA2ðS5ÞÞ ¼ 16 circles.
4. The poset A2ðS6Þ is homotopy equivalent to A2ðS5Þ: This is proven by
considering the inclusion
i: fQAA2ðS6ÞjQ-S5a1g+A2ðS6Þ
and applying Theorem 1.2 and Lemma 2.5. This phenomenon is exceptional. In
fact, we can verify as above that
j: fQAA3ðS6ÞjQ-S5a1g+A3ðS6Þ
is also a homotopy equivalence, but the pairs ð2; 6Þ and ð3; 6Þ are to our
knowledge the only pairs ðp; nÞ with nXp for which the inclusion
ApðSn1ÞCfQAApðSnÞjQ-Sn1a1g+ApðSnÞ
is a homotopy equivalence.
3. The p-cycles complex
Given a prime p and an integer nX1; we deﬁne the posetTpðnÞ as the subposet of
ApðSnÞ consisting of all elementary abelian p-subgroups of the symmetric group Sn
that are generated by a set of p-cycles. In other words,
TpðnÞ ¼ f/s0; s1;y; skSAApðSnÞj
s0; s1;y; skASn are pairwise disjoint p-cyclesg:
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The associated simplicial complex DTpðnÞ is called the p-cycles complex of Sn: From
now on, when we write H ¼ /s0; s1;y;skSATpðnÞ; we implicitly mean that
s0; s1;y; sk are pairwise disjoint p-cycles.
If n ¼ dp þ r; where dX0 and 0prop; the posetTpðnÞ is of dimension d  1; like
the poset ApðSnÞ: It is clear that the poset TpðnÞ is more regular than the poset
ApðSnÞ: For example, TpðnÞ is a pure poset, i.e. all the maximal chains in TpðnÞ
have the same length. The topological connection between TpðnÞ and ApðSnÞ is
clariﬁed by the next lemma.
Lemma 3.1. Let TApðnÞ be the subposet of ApðSnÞ defined by
TApðnÞ ¼ fHAApðSnÞj the orbits of H are all of cardinality pg:
The inclusion of TpðnÞ in TApðnÞ is a homotopy equivalence.
Proof. Let i be the inclusion of TpðnÞ in TApðnÞ: If HATApðnÞ; then by
Propositions 2.1 and 2.2 there exists a unique elementary abelian group
f ðHÞ ¼ /s0; s1;y; skSATpðnÞ
containing H; breaking down the set Nn into the same orbits as H and such that
s0;y; sk are pairwise disjoint p-cycles. The map f deﬁned in this way is an order-
preserving map from TApðnÞ to TpðnÞ: Moreover, one easily shows that
ði3f ÞðHÞXH for all HATApðnÞ and
ð f 3iÞðHÞ ¼ H for all HATpðnÞ:
Thus the lemma follows from the homotopy property (Lemma 1.1). &
Corollary 3.2. If nop2; the inclusion of TpðnÞ in ApðSnÞ is a homotopy equivalence.
Proof. We know that ApðSnÞ ¼TApðnÞ if nop2 and thus, by Lemma 3.1,
ApðSnÞCTpðnÞ if nop2: &
Here is another feature that TpðnÞ and ApðSnÞ share.
Proposition 3.3. The poset TpðnÞ is connected if n42p:
Proof. Every element of TpðnÞ contains a cyclic group generated by a p-cycle. But,
according to the beginning of the proof of Proposition 2.4, we know that two cyclic
groups generated by a p-cycle ofTpðnÞ are always in the same connected component
if n42p: Therefore, if n42p; all the elements of TpðnÞ are in the same connected
component and TpðnÞ is connected. &
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Example 3. At this stage we can describe the homotopy type of the poset TpðnÞ
when no3p: Furthermore, by Corollary 3.2, the homotopy type of TpðnÞ coincides
with that of ApðSnÞ in all the following cases when p is odd.
1. If nop; TpðnÞ is empty.
2. If ppno2p; TpðnÞ is a zero-dimensional poset with n!
pðp  1Þðn  pÞ! elements.
3. If n ¼ 2p; one easily shows that DTpð2pÞ is a disconnected graph with ð2pÞ!2ðp!Þ2
components, each of which has the homotopy type of ððp  2Þ!  1Þ2 circles.
4. If 2pono3p; DTpðnÞ is a connected graph and has the homotopy type of a
bouquet of *wðTpðnÞÞ circles.
Remark 1. The Euler characteristic of the posetTpðnÞ is easy to compute for any n
and p: More precisely, if n ¼ dp þ r with dX1 and 0prop; then
*wðTpðnÞÞ ¼ 1þ
Xd
i¼1
ð1Þiþ1 n!ðn  ipÞ!  i!  pi  ðp  1Þi:
4. Simple connectivity of the p-cycles complex
The goal of this section is to prove the following important result.
Proposition 4.1. If p is a prime and n an integer X3p þ 2; the poset TpðnÞ is simply
connected.
Let X be a poset and x1ox2ox3 a chain in X : In the simplicial complex DX ; we
consider the path c1 ¼ cx1;x3 connecting the vertex x1 to the vertex x3 by the edge
fx1; x3g; the path c2 ¼ cx1;x2;x3 connecting the vertex x1 to the vertex x3 by the union
of the edges fx1; x2g and fx2; x3g; and c3 any path from x1 to x3 in the 2-simplex
fx1; x2; x3g; as represented in Fig. 1. These three paths are homotopic since
fx1; x2; x3g is a simplex. More generally, it is well-known that the fundamental group
of DX is generated by paths following edges. If x1; x2; x3;y; xm is a sequence of
consecutive comparable vertices of X ; we write cx1;x2;x3;y;xm the path in DX
connecting this vertices along the edges. In other words, the path cx1;x2;x3;y;xm
connects the vertex x1 to the vertex xm along the edges fx1; x2g;y; fxm1; xmgADX :
From now on, we will only consider paths of this type.
The two following lemmas are useful to study the fundamental group of posets.
The ﬁrst one is due to Bouc, the second one is a version adapted to our needs.
Lemma 4.2 (Bouc [2], Lemme 6). Let X be a connected poset and f an order-
preserving map from X to a poset Y. If for all elements yAY ; the fibre fpy is non-
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empty, and if moreover this fibre is connected when y is a maximal element of Y, then
the morphism p1ð f Þ : p1ðXÞ-p1ðYÞ is surjective.
Lemma 4.3. Let X be a closed subset of a poset Y (i.e. if yAY and ypxAX ; then
yAX ), f the inclusion of X in Y and xAX : If all the loops of base x in DY factorize into
a product of loops of base x in DX and loops of base x having only one element y out of
DX with moreover the fibre fpy connected and nonempty, then the morphism
p1ð f Þ : p1ðX ; xÞ-p1ðY ; xÞ is surjective.
Proof. Let l be a loop of base x in DY having only one vertex y out of DX ; such that
the ﬁbre fpy connected and nonempty. We can represent this loop l by Fig. 2. (We
draw y above DX since X is a closed subset of Y :) We write l ¼ c1  cx1;y;x2  c2 where
c1 and c2 are paths in DX connecting respectively x to x1 and x2 to x: If x3Afpy is a
vertex in X such that x3 is comparable to x2 (see Fig. 3), then the set fx2; x3; yg is a
2-simplex in DY : Thus the loop l is homotopic to the product of l1 and l2; where
l1 ¼ c1  cx1;y;x3  ðcx3;x2  c2Þ and l2 ¼ ðc2Þ1  cx2;x3;y;x2  c2:
But the loop l2 is homotopic to the trivial loop. Consequently, l is homotopic to l1:
Since fpy is connected, there exists in fpy a sequence of vertices
x2; x3;y; xm; xmþ1 ¼ x1
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such that, for all integers i ¼ 2; 3;y; m; the elements xi and xiþ1 are comparable.
Hence we have
lC c1  cx1;y;x3  ðcx3;x2  c2ÞCc1  cx1;y;x4  ðcx4;x3;x2  c2ÞCy
C c1  cx1;y;x1  ðcx1;xm;y;x3;x2  c2ÞCc1  cx1;xm;y;x3;x2  c2:
In other words, the loop l is homotopic to a loop in fpyCDX and the morphism
p1ð f Þ is surjective. &
Using this last lemma, we will now expound the long proof of the following result.
Proposition 4.4. For every prime p; the poset Tpð3p þ 2Þ is simply connected.
Proof. The case p ¼ 2 is proven in [2]. Suppose now that p is an odd prime. By
Proposition 3.3, we know that the poset Tpð3p þ 2Þ is connected and therefore it
remains to prove that the fundamental group p1ðTpð3p þ 2ÞÞ is trivial.
Let X be the subset of Tpð3p þ 2Þ deﬁned by:
X ¼fPATpð3p þ 2Þj
P ¼ /ð123ypÞS or P contains a p-cycle disjoint from ð123ypÞg:
(Note that it is possible to ﬁnd /sSeX with SuppðsÞ ¼ f1; 2; 3;y; pg if and only if
pX5:) To prove that the poset X is contractible, we consider the subset V of
Tpð3p þ 2Þ deﬁned by:
V ¼ fPATpð3p þ 2Þjð123ypÞAP or SuppðPÞ-Np ¼ |g:
One easily shows thatV is contractible (and even conically contractible). Moreover,
if j is the inclusion ofV inX and PAX; the ﬁbre jpP contains an absolute maximum,
that we denote by f ðPÞ: Hence we obtain an order-preserving map f :X-V
satisfying the following conditions:
ð j3f ÞðPÞpP for all PAX and
ð f 3jÞðPÞ ¼ P for all PAV;
and Lemma 1.1 implies that X is contractible.
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Let g denote the inclusion of X in Tpð3p þ 2Þ: If PATpð3p þ 2Þ and QAX are
such that PXQ; then PAX: In other words, if PATpð3p þ 2Þ\X is comparable to an
elementary abelian subgroup QAX; then P will be represented below DX in all the
next pictures since necessarily PoQ: Since the poset Tpð3p þ 2Þ is connected, the
choice of the base point has no importance. Suppose A is a chosen base point in X:
Let l be a loop of base A in DTpð3p þ 2Þ: The loop l can be described as in Fig. 4.
Since DX is connected, there exists a path in DX connecting the base point A to each
of the Ai ði ¼ 1; 2;y; mÞ: It follows that the loop l factorizes into a product of loops
of base A having at most one connected component out of DX: Therefore the group
p1ðTpð3p þ 2ÞÞ is generated by the loops contained in DX and the loops l such that
l\DX is connected. If l is a loop such that l\DX is connected, we can write l ¼
c1  cA1;P1;P2;P3;y;Ps;A2  c2; where c1 and c2 are paths in DX connecting respectively A
to A1 and A2 to A; sAN and P1; P2; P3;y; PsATpð3p þ 2Þ\X: As Fig. 5 suggests, we
can suppose that sAN is odd and that the elementary abelian subgroups
P1; P3; P5;y; Ps are minimal elements of the poset Tpð3p þ 2Þ; i.e. cyclic groups
generated by a p-cycle. Therefore, since n ¼ 3p þ 2X3p  1; the ﬁbre gXPi is
nonempty for each i ¼ 1; 3; 5;y; s: We can thus choose for each Pi with i odd an
elementary abelian subgroup QiAX such that QiXPi: Hence l factorizes as a product
of loops of base A having at most three vertices out of DX:
If l is a loop having exactly two vertices out of DX; it is easy to show that l is
homotopic to a loop having only one vertex out of DX (using a similar argument to
the one used above to prove that s can be considered odd).
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Let l be a loop having exactly three vertices out of DX; as represented in Fig. 6. We
can suppose that P1 ¼ /s1S and P2 ¼ /s2S; where the permutations s1; s2AS3pþ2
are p-cycles. We have thus /s1; s2SpP3 and Fig. 6 shows why we can suppose that
P3 ¼ /s1; s2S: In other words, we can suppose that l is of the form
l ¼ c1  cA1;/s1S;/s1;s2S;/s2S;A2  c2;
where c1 and c2 are paths in DX connecting A to A1 and A2 to A; respectively.
Our goal is to show that l factorizes as a product of loops of base A having at most
one vertex out of DX: With this aim in mind, we consider the function
x: fp-cycles sAS3pþ2g -f0; 1; 2;y; pg
s /xðSuppðsÞ-NpÞ:
First, we will suppose that the permutations s1 and s2 are such that xðs1Þ þ
xðs2ÞXp  2: In such a case, the ﬁbre gX/s1;s2S is nonempty since
xðSuppð/s1;s2SÞ,NpÞ ¼ ð3p þ 2Þ  ð3p  xðs1Þ  xðs2ÞÞ
¼ 2þ xðs1Þ þ xðs2ÞXp:
Hence there exists A3AX such that A34P3 and thus the loop l factorizes as the
product of the two loops described in Fig. 7, that are both homotopic to loops
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having only one vertex out of DX: In particular, we have proven that all loops of
base A in DT3ð11Þ factorize as a product of loops having at most one vertex out of
DX since the condition xðs1Þ þ xðs2ÞXp  2 is satisﬁed when p ¼ 3:
Now we come back to the general case. We deﬁne the type of the loop
l ¼ c1  cA1;/s1S;/s1;s2S;/s2S;A2  c2
as the pair of natural integers ða; bÞ where
a ¼ minfxðs1Þ; xðs2Þg and b ¼ maxfxðs1Þ; xðs2Þg:
We consider the set C deﬁned by
C ¼ fða; bÞja; bAf1; 2; 3;y; pg; apb and aþ bppg;
and the set D containing the pairs ða; bÞAC such that all the loops of type ða; bÞ
factorize as a product of loops of base A in DTpð3p þ 2Þ having at most one vertex
out of DX: Let us show that C ¼ D: Equip the set C with the lexicographic order,
i.e. the total order deﬁned in the following way. If ða1; b1Þ; ða2; b2ÞAC; we set
ða1; b1Þoða2; b2Þ3
a1oa2 or
a1 ¼ a2 and b1ob2:
(
Let ða; bÞAC and l ¼ c1  cA1;/s1S;/s1;s2S;/s2S;A2  c2 be a loop of type ða; bÞ: We will
show, by induction on the order of ða; bÞ in C; that ða; bÞAD:
We proved above that
aþ bXp  2 ) ða; bÞAD; ð1Þ
and this implies in particular that all loops of base A in DT3 (11) factorize as a
product of loops having at most one vertex out of DX: We can thus suppose that
aþ bop  2 and pX5: If s3 is a p-cycle disjoint from s1 and s2; then we have
/s3SATpð3p þ 2Þ\X: Moreover, there exists A3AgX/s3S and Fig. 8 shows how, in
three steps, the loop l ¼ c1  cA1;/s1S;/s1;s2S;/s2S;A2  c2 is factorized as the product of
the two following loops:
l1 ¼ c1  cA1;/s1S;/s1;s3S;/s3S;A3  c3 and
l2 ¼ ðc3Þ1  cA3;/s3S;/s3;s2S;/s2S;A2  c2;
where c3 represents a path in DX connecting A3 to A: In other words, the loop l of
type ðxðs1Þ; xðs2ÞÞ factorizes as a product of two loops l1 and l2 of type respectively
ðxðs1Þ; xðs3ÞÞ and ðxðs3Þ; xðs2ÞÞ: We write in this case
ðxðs1Þ; xðs2ÞÞBðxðs1Þ; xðs3ÞÞ  ðxðs3Þ; xðs2ÞÞ: ð2Þ
Since s1 and s2 are disjoint p-cycles, we have
xðSuppð/s1; s2SÞÞ ¼ ð3p þ 2Þ  2p ¼ p þ 2:
Therefore we deduce that
fxðs3Þjs3AS3pþ2 a p-cycle disjoint from /s1; s2Sg
¼ fp  xðs1Þ  xðs2Þ  iji ¼ 0; 1; 2g:
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It follows that any of the three following operations can be applied to the type ða; bÞ
of the loop l:
ða; bÞB0 ða; p  a bÞ  ðp  a b; bÞ;
ða; bÞB1 ða; p  a b 1Þ  ðp  a b 1; bÞ;
ða; bÞB2 ða; p  a b 2Þ  ðp  a b 2; bÞ: ð3Þ
(Note that aþ bop  2; implying that p  xðs1Þ  xðs2Þ  2X1:) Moreover, it is
clear that
ða; bÞBða; gÞ  ðg; bÞ and ða; gÞ; ðg; bÞAD ) ða; bÞAD: ð4Þ
(It is true that notations (2) and (3) are imprecise. Actually, we have written
ðxðs1Þ; xðs2ÞÞ or ða; p  a bÞ the type of a loop, without knowing if xðs1Þpxðs2Þ or
app  a b: Fortunately, this imprecision has no ill effects.)
Suppose that ða; bÞ ¼ ðxðs1Þ; xðs2ÞÞ ¼ ð1; 1Þ ( ﬁrst step of the induction). Let s3 be
a p-cycle disjoint from s1 and s2; such that xðs1Þ þ xðs2Þ þ xðs3Þ ¼ p: According to
(2), we have
ðxðs1Þ; xðs2ÞÞBðxðs1Þ; xðs3ÞÞ  ðxðs3Þ; xðs2ÞÞ:
Furthermore,
xðs1Þ þ xðs3Þ ¼ xðs2Þ þ xðs3Þ ¼ p  1:
We deduce from (1) that ðxðs1Þ; xðs3ÞÞAD and ðxðs2Þ; xðs3ÞÞAD; and therefore
ða; bÞ ¼ ðxðs1Þ; xðs2ÞÞAD:
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Suppose now that ða0; b0ÞAD for each pair ða0; b0Þoða; bÞ (remember that apb).
We have
ða; bÞ B0 ða; p  a bÞ  ðp  a b; bÞ
B1 ðða; b 1Þ  ðb 1; p  a bÞÞ  ðða 1; p  a bÞ  ða 1; bÞÞ:
By induction, the pairs ða; b 1Þ; ða 1; p  a bÞ and ða 1; bÞ are in D: (Once
again the notation is imprecise. Nevertheless the three pairs mentioned above are
without any doubt pða; bÞ: Consider for example the pair ða 1; p  a bÞ: If
a 1pp  a b; then ða 1; p  a bÞpða; bÞ: On the other hand, if p  a
bpa 1; we have p  a bpa; and thus ðp  a b; a 1Þpða; bÞ:) Moreover, we
know that
ðb 1; p  a bÞB2 ða 1; p  a bÞ  ða 1; b 1Þ:
Again by induction, we have ðb 1; p  a bÞAD: It follows from (4) that the
pair ða; bÞAD and therefore C ¼ D: In other words, all loops of base A in DTpð3p þ
2Þ factorize as a product of loops having at most one vertex out of DX:
Consider a loop l of base A in DTpð3p þ 2Þ having only one vertex out of DX: We
can write l ¼ c1  c/s;tS;/sS;/s;t0S  c2; where /sSATpð3p þ 2Þ\X (which implies
xðsÞ40), t; t0AS3pþ2 are p-cycles disjoint from s and ð123ypÞ; and where c1 and c2
are paths in DX connecting respectively A to /s; tS and /s; t0S to A; as represented
in Fig. 9.
Let ggX/sS be the subposet of the ﬁbre gX/sS deﬁned byggX/sS ¼ f/s; QSjQA TpðSuppðsÞ,NpÞg:
One hasggX/sSDTpðSuppðsÞ,NpÞDTpð3p þ 2 2p þ xðsÞÞ ¼Tpðp þ 2þ xðsÞÞ: ð5Þ
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Since p þ 2þ xðsÞ4p; there exists in the ﬁbre gX/sS a sequence of elementary
abelian subgroups
A1 ¼ /s; t1S ¼ /s; tS; A2 ¼ /s; t2S; A3 ¼ /s; t3S;y; Ar ¼ /s; trS ¼ /s; t0S;
such that
xðSuppðtiÞ-Suppðtiþ1ÞÞ ¼ p  1 for all i ¼ 1; 2;y; r  1:
Hence, since the poset X is connected, one can factorize the loop l as a product of
r  1 loops of the form
hi  c/s;tiS;/sS;/s;tiþ1S  hiþ1;
where for all i ¼ 1; 2;y; r; hi is a path from the vertex A to the vertex /s; tiS in
DX and where h1 ¼ c1 and hr ¼ c2: Therefore we can suppose that the loop
l ¼ c1  c/s;tS;/sS;/s;t0S  c2 is such that
xðSuppðtÞ-Suppðt0ÞÞ ¼ p  1:
To apply Lemma 4.3, we have to show that the loop l is homotopic to a loop
c001  c/s00;tS;/s00S;/s00;t0S  c002;
where /s00SATpð3p þ 2Þ\X is such that the ﬁbre gX/s00S is connected and where c001
and c002 are paths in DX connecting respectively A to /s
00; tS and /s00; t0S to A: We
will argue by induction on xðsÞANp; using the opposite order.
If xðsÞ ¼ p (which is not possible if p ¼ 3 since /sSAX if SuppðsÞ ¼ f1; 2; 3g),
respectively xðsÞ ¼ p  1 (which corresponds to the ﬁrst step of the induction when
p ¼ 3), we know by isomorphism (5) that the subset ggX/sS of the ﬁbre gX/sS is
isomorphic to Tpð2p þ 2Þ; respectively Tpð2p þ 1Þ: We deduce from Lemma 3.3
that this poset ggX/sS is connected and one easily shows that the ﬁbre gX/sS is also
connected.
Now suppose that xðsÞop  1 and that the result is proven for every loop of the
form c01  c/s0;tS;/s0S;/s0;t0S  c02 with xðs0Þ4xðsÞ: Since
xðSuppðtÞ,Suppðt0Þ,SuppðsÞÞ ¼ ð3p þ 2Þ  3p þ ðp  1Þ ¼ p þ 1 ð6Þ
there exists a p-cycle s0AS3pþ2 disjoint from t; t0 and s; such that xðs0Þ ¼
p  xðsÞ  1: (Note that the condition 0oxðsÞop  1 implies 0op  xðsÞ  1
op  1:) Fig. 10 shows then why
l ¼ c1  c/s;tS;/sS;/s;t0S  c2Cc01  c/s0;tS;/s0S;/s0;t0S  c02; ð7Þ
where c01 and c
0
2 are paths in DX deﬁned by
c01 ¼ c1  c/s;tS;/s0;s;tS;/s0;tS and c02 ¼ c/s0;t0S;/s0;s;t0S;/s;t0S  c2:
Since the p-cycle s0 is disjoint from p-cycles t; t0 and s; we have
xðSuppðtÞ,Suppðt0Þ,Suppðs0ÞÞ
¼ xðSuppðtÞ,Suppðt0Þ,SuppðsÞÞ ¼ p þ 1:
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Hence there exists a p-cycle s00AS3pþ2 disjoint from t; t0 and s0; such that
xðs00Þ ¼ p  xðs0Þ ¼ p  ðp  xðsÞ  1Þ ¼ xðsÞ þ 1:
The loops
l0 ¼ c01  c/s0;tS;/s0S;/s0;t0S  c02 and l00 ¼ c001  c/s00;tS;/s00S;/s00;t0S  c002;
where c001 and c
00
2 are paths in DX deﬁned by
c001 ¼ c01  c/s0;tS;/s00;s0;tS;/s00;tS and c002 ¼ c/s00;t0S;/s00;s;t0S;/s0;t0S  c02
are homotopic for the same reasons as in (7). Therefore by induction hypothesis, we
deduce that the ﬁbre gX/s00S can be supposed connected.
In conclusion, if we equip the sets X andTpð3p þ 2Þ with the opposite order, then
X is a closed subset of the posetTpð3p þ 2Þ and the fundamental group p1ðTpð3p þ
2ÞÞ is generated by the loops in DX and the loops having at most one vertex
PATpð3p þ 2Þ out of X; with moreover gpP connected. It follows from Lemma 4.3
that the morphism p1ðgÞ from p1ðXÞ to p1ðTpð3p þ 2ÞÞ is surjective. But the poset X
is contractible and thus the fundamental group p1ðTpð3p þ 2ÞÞ is trivial. &
Remark 2. The above proof does not hold for no3p þ 2: The condition nX3p þ 2 is
essential for the three operations (3) to be possible. Moreover, the argument that
follows inequality (6) is no more valid if
xðSuppðtÞ,Suppðt0Þ,SuppðsÞÞpp:
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Actually, in [3], the author proves that, except for p1ðA2ðS7ÞÞ; the fundamental
group p1ðApðSnÞÞ is nontrivial if 3ppnp3p þ 1:
Now we will prove that Proposition 4.4 can be generalized to the case nX3p þ 2:
We need the following lemma.
Lemma 4.5. Consider the subposet gTpðn  1Þ of TpðnÞ defined bygTpðn  1Þ ¼TpðnÞ\f/sSATpðnÞjnASuppðsÞg:
The inclusion i :Tpðn  1Þ+ gTpðn  1Þ is a homotopy equivalence.
Proof. We deﬁne an order-preserving map f from gTpðn  1Þ to Tpðn  1Þ as
follows. For H ¼ /s0; s1;y; skSA gTpðn  1Þ; we set f ðHÞ ¼ H if HATpðn  1Þ: If
HeTpðn  1Þ; we can suppose that nASuppðs0Þ; and we then set
f ðHÞ ¼ /s1; s2;y; skSATpðn  1Þ:
One can easily show that
ði3f ÞðHÞpH for all HA gTpðn  1Þ and
ð f 3iÞðHÞ ¼ H for all HATpðn  1Þ:
Thus, by Lemma 1.1, the inclusion i is a homotopy equivalence. &
Proposition 4.6. Let p be a prime and n an integer X3p: The inclusion
f :TpðnÞ-Tpðn þ 1Þ induces a surjective morphism
p1ð f Þ : p1ðTpðnÞÞ-p1ðTpðn þ 1ÞÞ:
Proof. By the previous lemma, the posets TpðnÞ and gTpðnÞ have the same
homotopy type. It follows that the fundamental groups p1ðTpðnÞÞ and p1ð gTpðnÞÞ
are isomorphic. Therefore, if g : gTpðnÞ-Tpðn þ 1Þ denotes the inclusion and if the
morphism
p1ðgÞ : p1ð gTpðnÞÞ-p1ðTpðn þ 1ÞÞ
is surjective, then so is the morphism
p1ð f Þ : p1ðTpðnÞÞ-p1ðTpðn þ 1ÞÞ:
Let PATpðn þ 1Þ: If PA gTpðnÞ; then the ﬁbre gXP is contractible. On the other hand,
if Pe gTpðnÞ; we can write P ¼ /sS; where s is a p-cycle with n þ 1ASuppðsÞ; and
we easily show that
gXPCTpðn þ 1 pÞ:
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Furthermore, since nX3p; one has n þ 1 p42p and by Proposition 3.3 the ﬁbre
gXP is connected and nonempty. Therefore, if we equip the sets gTpðnÞ and Tpðn þ
1Þ with the opposite order, the hypotheses of Lemma 4.2 are satisﬁed and the
morphism p1ðgÞ is surjective. &
Proof of Theorem 4.1. Let p be a prime and n an integer X3p þ 2: By Lemma 3.3,
TpðnÞ is connected. Furthermore, by Propositions 4.4 and 4.6, the fundamental
group p1ðTpðnÞÞ is trivial. Therefore the poset TpðnÞ is simply connected. &
5. Simple connectivity of the Quillen complex
In this section we will prove that the fundamental group p1ðApðSnÞÞ of the Quillen
complex of the symmetric group is trivial if p is odd and n is an integer such that
3p þ 2pnop2 or nXp2 þ p:
Lemma 5.1. Let p be a prime and n an integer Xp2 þ p: The inclusion
f :TpðnÞ-ApðSnÞ induces a surjective morphism
p1ð f Þ : p1ðTpðnÞÞ-p1ðApðSnÞÞ:
Proof. In Lemma 3.1, we proved that the inclusion of the poset TpðnÞ in the poset
TApðnÞ is a homotopy equivalence. Therefore, if g :TApðnÞ-ApðSnÞ denotes the
inclusion and if the morphism p1ðgÞ is surjective, then so is the morphism p1ð f Þ:
The poset TApðnÞ is a connected closed subset of the connected poset ApðSnÞ:
Let AATApðnÞ: SinceTApðnÞ is connected, it is possible to factorize every loop of
base A in DApðSnÞ as a product of loops of base A having at most one connected
component out of DTApðnÞ (see Fig. 4). Any loop of base A having exactly one
connected component out of DTApðnÞ can be represented as in Fig. 11. For every
iANu with i even, we consider a p-group HiAApðSnÞ of rank 1 such that HipPi: The
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group Hi is cyclic of order p; and thus HiATApðnÞ for all iANu with i even.
Considering, for all iANu with i even, a path inTApðnÞ connecting A to Hi; one can
factorize the considered loop as a product of loops of base A having at most one
vertex out of DTApðnÞ:
Let l be a loop of base A inApðSnÞ having exactly one vertex H out of DTApðnÞ:
Fig. 12 explains why we can suppose that the elementary abelian subgroups A1
and A2 are minimal, i.e. cyclic of order p; and H ¼ /A1; A2S: We set A1 ¼ /sS
and A2 ¼ /tS; where s and t are products of disjoint p-cycles, and H ¼
/s; tSAApðSnÞ: According to Proposition 2.1, H is a subgroup of an elementary
abelian subgroup P ¼ P1 	 P2 	?	 Pl ; where l is an integer X1;
P1;y; PlAApðSnÞ are relatively transitive p-subgroups with pairwise disjoint
supports and SuppðPÞ ¼ SuppðHÞ: The loop l ¼ lAA1;H;A2 is of course homotopic to
the loop lAA1;P;A2 : Considering the construction of the group P in the proof of
Proposition 2.1, we notice that P1;y; PlAApðSnÞ are all of rank 1 or 2, because H is
of rank 2. More precisely, if for every i ¼ 1; 2;y; l; we denote by Ui the support of
Pi; then we have Pi ¼ /sjUi ; tjUiS: Hence we can write the group P as a product of
subgroups with pairwise disjoint supports
P ¼ R1 	 R2 	?	 Rk 	 Q1 	 Q2 	?	 Qt;
where Ri is an elementary abelian subgroup of rank 1 for every i ¼ 1; 2;y; k; and Qj
is an elementary abelian subgroup of rank 2 for every j ¼ 1; 2;y; t: By Proposition
2.2, we can write Ri ¼ /siS; where si is a p-cycle, for every i ¼ 1; 2;y; k; and
Qj ¼ /ej; *ejS; where ej and *ej are products of p disjoint p-cycles, for every
j ¼ 1; 2;y; t: Consider the following subgroups of P:
R ¼ R1 	 R2 	?	 Rk and Q ¼ Q1 	 Q2 	?	 Qt:
We are going to show that the ﬁbre gpP is connected if R is nontrivial or tX2: On the
other hand, if the subgroup R is trivial and t ¼ 1; we will prove that the loop
l ¼ lAA1;P;A2 is homotopic to a loop lAA1;P0;A2 such that the ﬁbre gpP0 is connected.
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Suppose that the group R is nontrivial. Let TAgpP and let us show that there
exists in gpP a path connecting T to R: Since TATApðnÞ; there exists, for every
j ¼ 1; 2;y; t; a product of p disjoint p-cycles mjAQj ¼ /ej ; *ejS such that T is a
subgroup of the group R 	/m1S	/m2S	?	/mtS: We then have
TpR 	/m1S	/m2S	?	/mtSXR;
which is a path in gpP connecting T to R: The ﬁbre gpP is thus connected.
Suppose that the subgroup R is trivial and that tX2: Given TAgpP; let us show
that there exists a path in gpP connecting T to /e1; e2;y; etSAgpP: As above, the
group T is a subgroup of a group /m1S	/m2S	?	/mtS; where mjAQj for
every j ¼ 1; 2;y; t: Since TAApðSnÞ; the group T is in particular nontrivial. Hence
there exists rANt such that the permutation mr is not the identity. Given qANt with
qar; we have
Tp/m1S	/m2S	?	/mtSX/mrSp/mr; eqSX/eqSp/e1; e2;y; etS;
which is a path in gpP connecting T to /e1; e2;y; etS: Therefore the ﬁbre gpP is
connected.
Now suppose that the subgroup R is trivial and that t ¼ 1: We then have P ¼
/e1; *e1S: Since nXp2 þ p and xðSuppðPÞÞ ¼ p2; there exists in Sn a p-cycle Z disjoint
from P: Consider the group P0 ¼ /e1; *e1; ZSAApðSnÞ: The loop l ¼ lAA1;P;A2 is clearly
homotopic to the loop lAA1;P0;A2 : Hence we reduce this case to the case where the
subgroup R is nontrivial. The ﬁbre gpP0 is therefore connected.
In conclusionTApðnÞ is a closed subset of the connected posetApðSnÞ and every
loop of base A in DApðSnÞ factorizes as a product of loops in DTApðnÞ and loops
having only one vertex P out of DTApðnÞ such that the ﬁbre gpP is connected
nonempty. By Lemma 4.3, the morphism p1ðgÞ is thus surjective. &
Now we can prove the two following theorems.
Theorem 5.2. The Quillen complex DA2ðSnÞ is simply connected if nX7:
Proof. Bouc [2] proved that T2ðnÞ is simply connected if nX8: So, by Lemma 5.1,
the Quillen complex DA2ðSnÞ is also simply connected if nX8:
In the case where n ¼ 7; Bouc [2] proved that the fundamental group p1ðT2ð7ÞÞ is
cyclic of order 3, generated by the homotopy class %l of the loop
l ¼ c/ð13ÞS;/ð13Þ;ð24ÞS;/ð24ÞS;/ð15Þ;ð24ÞS;/ð15ÞS;/ð15Þ;ð26ÞS;/ð26ÞS;/ð13Þ;ð26ÞS;/ð13ÞS:
The poset A2ðS7Þ is connected. Moreover, by Lemma 5.1, the inclusion f of T2ð7Þ
in A2ðS7Þ induces a surjective morphism p1ð f Þ from p1ðT2ð7ÞÞ ¼ /%lS to
p1ðA2ðS7ÞÞ: It follows that the homotopy class of the loop l in DA2ðS7Þ generates
the fundamental group p1ðA2ðS7ÞÞ: But Fig. 13 shows how it is possible to
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triangulate this loop l in the simplicial complex DA2ðS7Þ; where
P1 ¼ /ð13Þ; ð24Þ; ð57ÞS; P2 ¼ /ð15Þ; ð24Þ; ð37ÞS; P3 ¼ /ð13Þ; ð26Þ; ð57ÞS;
P4 ¼ /ð15Þ; ð26Þ; ð37ÞS; E ¼ ð13Þð57Þ; E0 ¼ ð15Þð37Þ and Q ¼ /E; E0S:
Therefore the loop l is homotopic to the trivial loop and the fundamental group
p1ðA2ðS7ÞÞ is trivial. &
Theorem 5.3. Let p be an odd prime and n an integer. If 3p þ 2pnop2 (note that this
condition implies that pX5) or nXp2 þ p; the Quillen complex DApðSnÞ is simply
connected.
Proof. If 3p þ 2pnop2; the posetsTpðnÞ andApðSnÞ have the same homotopy type
by Corollary 3.2. Furthermore, by Theorem 4.1, the poset TpðnÞ is simply
connected. Therefore the same is true for the Quillen complex DApðSnÞ:
If nXp2 þ p; then in particular nX3p þ 242p: Hence by Proposition 2.4 the poset
ApðSnÞ is connected, and by Theorem 4.1 the poset TpðnÞ is simply connected. The
theorem follows from Lemma 5.1. &
Remark 3. In [3], the fundamental group p1ðApðSnÞÞ is determined in all cases
except those where pX5 and nAf3p ; 3p þ 1g and those where n ¼ 10 and p ¼ 3: In
ARTICLE IN PRESS
Q
P3
P2
P4
P1
(1 5) , (3 7)< <
(1 5) , (2 6)<
(1 3) , (5 7)< <
<
(1 3) , (2 6)< <
(1 5) , (2 4)< <
(1 3) , (2 4)< < (2 4)< <
(1 5)< <
(2 6)< <
(1 3)< <
ε , (2 4)< <
ε' , (2 4)< <
ε , (2 6)< <
ε' , (2 6)< <
ε'< <
ε< <
Q , (2 4)< <
Q , (2 6)< <
Fig. 13.
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particular, it is proven that, if p2pnop2 þ p; the fundamental group p1ðApðSnÞÞ is a
free group whose number of generators can be easily computed.
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